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Abstract. We consider Fourier integral operators with symbols in modula- 
tion spaces and non-smooth phase functions whose second orders of deriva- 
tives belong to certain types of modulation space. We establish continuity and 
Schatten-von Neumann properties of such operators when acting on modula- 
tion spaces. 



0. Introduction 

The aim of this paper is to investigate Fourier integral operators with non- 
smooth amplitudes (or symbols), when acting on (general, or weighted) modulation 
spaces. The amplitudes are assumed to belong to appropriate modulation spaces, 
or more generally, appropriate coorbit spaces of modulation space type. Since these 
coorbit spaces contains spaces of smooth functions which belongs to certain mixed 
Lebesgue spaces, together with all their derivatives, it follows that we are able 
to obtain results for certain Fourier integral operator with smooth symbols. It is 
assumed that the phase functions are continuous functions with second orders of 
derivatives belonging to appropriate modulation spaces (i.e. weighted "Sjostrand 
classes") and satisfying appropriate non-degeneracy conditions. For such Fourier 
integral operators we investigate continuity and compactness properties when acting 
on modulation spaces. Especially we are concerned with detailed compactness 
investigations of such operators in background of Schatten-von Neumann theory, 
when acting on Hilbert modulation spaces. (Here we recall that the spaces of trace- 
class or Hilbert-Schmidt operators are particular classes of Schatten-von Neumann 
classes.) More precisely, we establish sufficient conditions on the amplitudes and 
phase functions in order for the corresponding Fourier integral operators to be 
Schatten-von Neumann of certain degree. Since Sobolev spaces of Hilbert type are 
special cases of these Hilbert modulation spaces, it follows that our results can be 
applied on certain problems involving such spaces. 

Furthermore, by letting the involved weight functions be trivially equal to one, 
these Sobolev spaces are equal to L 2 , and our results here then generalize those 
in [8,9], where similar questions are discussed when the amplitudes and second 
order of derivatives belong to classical or non- weighted modulation spaces. 

On the other hand, the framework of the investigations in the present paper 
as well as in [8, 9] is to follow some ideas by A. Boulkhemair in [6] and localize 
the Fourier integral operators in terms of short-time Fourier transforms, and then 
making appropriate Taylor expansions and estimates. In fact, in [6], Boulkhemair 
considers a certain class of Fourier integral operators were the corresponding sym- 
bols are defined without any explicit regularity assumptions and with only small 
regularity assumptions on the phase functions. The symbol class here is, in the 
present paper, denoted by M 00 ' 1 , is sometimes called the "Sjostrand class", and 
contains Sq , the set of smooth functions which are bounded together with all 
their derivatives. In time-frequency community, M p - q is known as a (classical or 
non- weighted) modulation space with exponents p € [l,oo] and q G [1, oo]. (See 
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e.g. [14,16,21] or below for strict definition.) Boulkhemair then proves that such 
operators are uniquely extendable to continuous operators on L 2 . In particular it 
follows that pseudo-differential operators with symbols in M 00 ' 1 are L 2 -continuous, 
which was proved by J. Sjostrand in [32], where it seems that M 00 ' 1 was used for 
the first time in this context. 

Boulkhemair's result was extended in [8,9], where it is proved that if the am- 
plitude belongs to the classical modulation space M Pi1 , then the corresponding 
Fourier integral operator is Schatten-von Neumann operator of order p G [1, oo] on 
L 2 . In [9] it is also proved that if the amplitude only depends on the phase space 
variables and belongs to M p - p , then the corresponding Fourier integral operator is 
continuous from M p ,p to M p ' p . If in addition 1 < p < 2, then it is also proved 
that the operator is Schatten-von Neumann of order p on L 2 . 

We remark that the assumptions on the phase functions imply that these func- 
tions are two times continuously differentiable, which is usually violated for "clas- 
sical" Fourier integral operators (see e.g. [23,28-30]). For example, this condition 
is not fulfilled in general when the phase function is homogenous of degree one in 
the frequency variable. We refer to [28-30] for recent contribution to the theory of 
Fourier integral operators with non-smooth symbols, and in certain domains small 
regularity assumptions of the phase functions. 

In order to be more specific we recall some definitions. Assume that p,q 6 [1, oo] 
and that u G ^>(R 2 ™) (see Section Q] for the definition of ^(R™)). Then the 
modulation space Mf^(R n ) is the set of all / G ^'(R™) such that 

(0.1) \\f\\ Mf ,= n (f \^(fT xX )(£Mx,0\ p dx) Q/P di) 1,q <oo 

•J R, n J R, " 

(with obvious modification when p = oo or q = oo). Here t x is the translation 
operator T x x(y) = x(u — x), ^ is the Fourier transform on ^'(R™) which is given 
by 

J?/(0 = /(0 ee (27T)-"/ 2 f f(x)e~^ dx 

when / G ^(R™), and x £ ^(R n ) \ is called a window function which is kept 
fixed. For conveniency we set M p,q = when ut = 1. 

Modulation spaces were introduced by H. Feichtinger in [14]. The basic theory 
of such spaces were thereafter extended by Feichtinger and Grochenig in [16, 17], 
where the coorbit space theory was established. Here we note that the amplitude 
classes in the present paper consist of coorbit spaces, defined in such way that their 
norms are given by l|0.ip , after replacing the L p and L q norms by mixed Lebesgue 
norms and interchanging the order of integration. (See Subsection II .21 and Section 
[2j) During the last twenty years, modulation spaces have been an active fields of 
research (see e.g. [14,15,21,26,36,39]). They are rather similar to Besov spaces 
(see [2,34,39] for sharp embeddings) and it has appeared that they are useful to 
have in background in time-frequency analysis and to some extent also in pseudo- 
differential calculus. 

Next we discuss the definition of Fourier integral operators. For conveniency we 
restricts ourself to operators which belong to Jz? (o$^(R ni ), y(R™ 2 )). Here we let 
-^(Vi, V-i) denote the set of all linear and continuous operators from V\ to V2, when 
V\ and V2 are topological vector spaces. For any appropriate a G ,y'(R Ar+ ™ 1 ) (the 
symbol or amplitude) for N = m + 112, and real- valued <p G C(R N+m ) (the phase 
function), the Fourier integral operator Op^(a) is defined by the formula 

(0.2) Op„(a)/(a0 = (27T)-"/ 2 ff a(x iy ^)f(y)e Mx ' y ^dyd^ 
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when / G .y(R ni ). Here the integrals should be interpreted in distribution sense if 
necessary. By letting m = n\ = n 2 = n, and choosing symbols and phase functions 
in appropriate ways, it follows that the pseudo-differential operator 

Op(o)/(x) = (2tt)-" J "J a[x,y^)me^ x -y^ dyd^ 

is a special case of Fourier integral operators. Furthermore, if t G R is fixed, and a 
is an appropriate function or distribution on R 2 ™ instead of R 3n , then the definition 
of the latter pseudo-differential operators cover the definition of pseudo-differential 
operators of the form 

(0.3) at(x, D)f(x) = (2tt)- b JJ ^ a((l - t)x + ty, 0/(»)e i <*- , ' ,€) dyd£. 

On the other hand, in the framework of harmonic analysis it follows that the 
map a i-> a t (x,D) from J^(R 2 ") to j£f (J^(R™), .Y'(R n )) is uniquely extendable to 
a bijection from ,9"(H 2n ) to % (J^(R n ), J^'(R")). 

In the litterature it is usually assumed that a and <p in (|0.2p are smooth functions. 
For example, if m = n 2 = n, a G J^(R 2 "+ m ) and ip G C°°(R 2 ' i+m ) satisfy <^ Q > G 
Soo(R n+m ) when |a| = N% for some integer N\ > 0, then it is easily seen that 
Op ¥ ,(a) is continuous on ^(R") and extends to a continuous map from .y'(R n ) to 
y(R n ). In [1] it is proved that if <p {a > G S^ (R 2n+m ) for all multli-indices a such 
that lal = 2 and satisfies 



(0.4) 



det 



> d 



for some d > 0, then the definition of Op v extends uniquely to any a G So j0 (R 2n+m ), 
and then Op v (a) is continuous on L 2 (R"). Next assume that ip instead satisfies 
(p(<*) g Af^.^R 3 ™) for all multi-indices a such that \a\ = 2 and that $0J§ holds 
for some d > 0. This implies that the condition on ip is relaxed since Sq C M 00 ' 1 . 
Then Boulkhemair improves the result in [1] by proving that the definition of Op v 
extends uniquely to any a G M°° ,1 (R 2 ™ +m ), and that Op^(a) is still continuous on 
L 2 (R"). 

In Section [2] we discuss continuity and Schatten-von Neumann properties for 
Fourier integral operators which are related to those which were considered by 
Boulkhemair. More precisely, assume that ui, u)j for j = 1, 2 and v are appropriate 
weight functions, (p G and 1 < p < oo. Then we prove in Subection 12.41 that 

the definition of a ^ Op^(a) from to jSf (^(R n ), <¥" (R n ) extends uniquely to 
any a G M?^i s and that Op v (a) is continuous from M?s to M?^.. In particular 
we recover Boulkhemair's result by letting u — uj 3 ■ = v = 1 and p = 2. 

In Subsection 12.51 we connsider more general Fourier integral operators, where 
we assume that the amplitudes belong to coorbit spaces which, roughly speaking, 
are like M?£i for p, q G [1, oo] in certain variables and like in the other 

variables. (Note here that is contained in M^ q in view of Proposition ll.il ) 

If q < p, then we prove that such Fourier integral operators are continuous from 
MfjK to M?£\. Furthermore, by interpolation between the latter result and our 
extension of Boulkhemair's result we prove that if q < min(p, p') , then these Fourier 
integral operators belong to <# p {M,^y M,J, >). Here ^(^4,^2) denotes the set 
of Schatten-von Neumann operators from the Hilbert space J£f to J£| of order p. 
This means that T G ^,(J#f, 3%) if and only if T linear and continuous operators 
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T from to 3%% which satisfy 



(\ 1/p 



where the supremum should be taken over all orthonormal sequences (fj) in M{ 
and (gj) in J#2- 

In Section [3] we list some consequences of our general results in Section O For 
example, assume that p,q £ [l,oo], a(x,y,£) — b(x,£), for some b £ M?^?(R 2n ), 
and that 

(0.5) |det(^)|>d 

holds for some constant d > 0. Then it follows from the results in Section [2] that if 
q = p, then Op I/P (a) is continuous from MfjK to Mf^\. Furthermore, if in addition 
(|0.4p and q < min(p,p') hold, then Op^(a) £ J v . 

1. Preliminaries 

In this section we discuss basic properties for modulation spaces. The proofs are 
in many cases omitted since they can be found in [12-18,21,37-39]. 

We start by discussing some notations. The duality between a topological vector 
space and its dual is denoted by ( • , • ). For admissible a and b in c5^'(R n ), we set 
(a, b) = (a,b), and it is obvious that ( • , • ) on L? is the usual scalar product. 

Assume that 3S\ and 2%i are topological spaces. Then 9§\ <^-> 3$i means that 8&\ 
is continuously embedded in SS%, In the case that SS\ and S%i are Banach spaces, 
SS\ <—* S$2 is equivalent to @l\ C 3$2 and ||a;||^ 2 < CHxH^, for some constant 
C > which is independent of x £ 88\ . 

Let v,v £ Lf£ c (R n ) be positive functions. Then oj is called v-moderate if 

(1.1) u(x + y)<C<j(x)v(y), x,y £R n , 



for some constant C > 0, and if v in (|l.ip can be chosen as a polynomial, then 
to is called polynomially moderated. Furthermore, v is called submultiplicative if 
(|l.ip holds for w = v. We denote by £^(R n ) the set of all polynomially moderated 
functions on R™. 

1.1. Modulation spaces. Next we recall some properties on modulation spaces. 
We remark that the definition of modulation spaces M^(R n ), given in (jO.ip for 
p, q € [1, oo], is independent of the choice of the window x G y(W n ) \ 0. Moreover 
different choices of % give rise to equivalent norms. (See Proposition 11.11 below) . 

For conveniency we set M? u \ = M?^, Furthermore we set M p,q = Mf^ if to = 1. 

The proof of the following proposition is omitted, since the results can be found 
in [12-18,21,37-39]. Here and in what follows, p' £ [1, oo] denotes the conjugate 
exponent of p £ [1, oo], i. e. 1/p + 1/p' = 1 should be fulfilled. 

Proposition 1.1. Assume that p, q,Pj, qj £ [1, oo] for j = 1,2, and to,u>i,t02,v £ 
£y > (R 2n ) are such that to is v-moderate and UJ2 < Cto\ for some constant C > 0. 
Then the following are true: 

(1) if x e M^JR") \ 0, i/iera / £ M ( p ^(R n ) £/ and onfy if ((UHJ) ZioZds, i e. 
M^(R") is independent of the choice of x- Moreover, Mf^. is a Banach 
space under the norm in (|0.ip . and different choices of x give rise to equiv- 
alent norms; 

(2) if pi < P2 and q± < q2 then 

y(R n ) - M^f(K n ) M^'f(R n ) J^(R"); 
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(3) the L 2 product ( • , • ) on 5? extends to a continuous map from M?^(R n ) x 

M£'?^(R. n ) to C. On the other hand, if \\a\\ — sup|(a, b)\, where the 
supremum is taken over all b G y(R. n ) such that \\b\\ p > q > < 1, then \\ ■ || 

and || ■ \\mp-i are equivalent norms; 

(4) ifp, q<oo, then .Y(R n ) is dense in M ( P ^(R"). The dual space o/M ( ^(R") 

can be identified with Mfy^JIU 1 ), through the form (•, -)l 2 - Moreover, 
y(R n ) is weakly dense in M™JR n ), 

Proposition ll.ll (l) allows us be rather vague concerning the choice of x G M, 1 , \0 
in (|0.ip . For example, if C > is a constant and $4 is a subset of ,9" , then 
||«||m ( p < C f° r every a £ means that the inequality holds for some choice of 
X G \ and every a £ Evidently, a similar inequality is true for any other 
choice of x S ^(v) \ ®> w ith a suitable constant, larger than C if necessary. 

It is also convenient to let .MP1(R™) be the completion of ^(R n ) under the 
norm || • ||m?^- Then C with equality if and only if p < oo and q < oo. 



It follows that most of the properties which are valid for Mp?(R n ), also hold for 
M^(R»). 

We also need to use multiplication properties of modulation spaces. The proof of 
the following proposition is omitted since the result can be found in [14, 16,38,39]. 

Proposition 1.2. Assume that p,pj,qj G [1, oo] and Wj,v G ^(R 2 ™) for j = 
0, . . . , N satisfy 

1 111 1 1 

— + ••• + — = — , — + ••• + — =N-1 + —, 

Pi pn po qi qN qo 

and 

wo(x,€i H h Cjv) < Cw 1 {x,^ x ) • --ujn(x,^ n ), x,£i, . . .£ N G R™, 

/or some constant C. Then {fx,..., /at) >— >• /i * ■ • /jv /rom S fi (R n ) x • • • x ,Y(R n ) to 
y(R") emends uniquely to a continuous map from M?*'V (R n ) x • • • x AfP^?" (R™) 
toM^(R"), and 

ll/i • ■ • /wIIm™'™ < C||/i|| m pi^i ■•• H/aHIm?^-?" 

(w ) <^jv) 

/or some constant C which is independent of fj G ' j (R") /or i = 1, . . . , iV. 

Furthermore, if uq = when p < oo, v(x,£) = G ^(R™) is submultiplica- 
tive, f £ MP (R n ), and 0, i/' are entire funcitons on C wn'i/i expansions 



<j)(z) = ^u k z k , ip(z) = \u k \z k , 
then <t>{f) G Mg(R™) ; and 



II^C/OIU- 1 <cv(C||/ll M -0, 



/or some constant C which is independent of f G MP (R n ) 

Remark 1.3. Assume that p, <j, qi, g 2 G [l,oo],wi G 3 s (R n ) and that w, u G ^>(R 2 ") 
are such that to is w-moderate. Then the following properties for modulation spaces 
hold: 

(1) if qi < min(p,p'), q 2 > max(p,p') and w(x, £) = then MP^ 1 C 

L? , C Mf'f. In particular, M? . = L 2 , 
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(2) if u(x, f) = u)i(x), then M^(R") <^> C(R") if and only if q = 1; 

(3) M 1,0 ° is a convolution algebra which contains all measures on R n with 
bounded mass; 

(4) if x G R" and w (f) = ^(a^O, then n ^" = n Here 
Fi^ o) (R") consists of all / G S"(R n ) such that 

||/wo||i« < oo. 

Furthermore, if B is a ball with radius r and center at xq, then 

c^H/IU < II/IIm- < C|mu ? /g^'(s) 

for some constant C which only depends on r, n, u> and the chosen window 
functions; 

(5) if ui(x, £) = a;), then is invariant under the Fourier transform. A 
similar fact holds for partial Fourier transforms; 

(6) for each x, £ G R" we have 

\\e l{ -< S) f( - -x)\\ M ^<Cv(x,0\\f\\M^, 

for some constant C; 

(7) if oj(x, = wfo -0 then / G M ( p ^ if and only if / G M™. 
(See e.g. [12-14,16-18,21,39].) 

For future references we note that the constant C r , n is independent of the center 
of the ball B in (4) in Remark Ql 

In our investigations we need the following characterization of modulation spaces. 

Proposition 1.4. Let {x a } ae j be a lattice in R", B a = x a + B where B C R" 
is an open ball, and assume that f a G <§' (B a ) for every a G /. Also assume that 
p, q G [1, oo]. Tften i/ie following is true: 

(1) 

(1.2) / = mrf F(0ee(^|/ q (CV(x q ,0I p ) 1/P G^(R"), 

i/ien / G -^(^j; anc ^ / l— * II^IU' defines a norm on which is equivalent 
to || • || M ™ in {Oil); 

(2) if in addition U a B a = R n , \ G Co°(-E?) satisfies J2 a X{ ' — ^a) = 1> / 6 
M^(R n ), and f a = f X {- -x a ), then f a G <f'(B Q ) and fOJl is /uPZed. 

Proof. (1) Assume that x G C^(R n ) \ is fixed. Since there is a bound of over- 
lapping supports of f a , we obtain 

Wx(- -aOXOwfoOl <X)W/aX(' -xMMx,o\ 

<C7(£W/aX(- - a? ))(0«( a! ,0| P ) 1/P 

for some constant C. From the support properties of x ; and the fact that u> is 
w-moderate for some v G ^(R 2 ™), it follows for some constant C independent of a 
we have 

\nfaX( - -x))(£)w(x,£)\ <C\J?(f aX (- -xMMx a ,a 
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Hence, for some balls B' and B' a = x a + B' , we get 

i/p 



\nfx( - -x))(Ou(x,o\ p dx 



R" 



< 



<c(E / -^))(^(^,e)l p ^) 1 p 

C"(£(|/ Q a,(a: Q) -)I*|X«(0, •)l(e)) P ) 1/P <C"-F* |xw(0, .)l(0, 



for some constants C and C". Here we have used Minkowski's inequality in the 
last inequality. By applying the L 9 -norm and using Young's inequality we get 



Ufl < C"\\F*\xv$, 0Hk« < C"\\F\\ Lq \\xv{% 



Since we have assumed that F G L 9 , it follows that ||/||m p ' 1 i s finite. This proves 
(!)• 

The assertion (2) follows immediately from the general theory of modulation 
spaces. (See e.g. [21,22].) The proof is complete. □ 

Next we discuss (complex) interpolation properties for modulation spaces. Such 
properties were carefully investigated in [14] for classical modulation spaces, and 
thereafter extended in several directions in [17], where interpolation properties for 
coorbit spaces were established. (See also Subsection 1 1.21 ) As a consequence of [17] 
we have the following proposition. 

Proposition 1.5. Assume that < 9 < 1, Pj,qj G [1, oo] and that ojj G ^(R 2 ™) 
for j = 0, 1, 2 satisfy 

1 1 - 9 6 1 1 - 9 9 ,_g g 

— = 1 . — = 1 ana ujq = ui-, uj 2 - 

po pi P2 qo qi <72 

Then 

Next we recall some facts in Section 2 in [41] on narrow convergence. For any 
/ G ,Y'(R n ), lu G ^>(R 2 "), x G y(K n ) and p G [1, oo], we set 



1/p 



Definition 1.6. Assume that f,fj G MM(R m ), j = 1,2,... . Then fj is said 
to converge narrowly to / (with respect to p, q G [1, oo], x € ,y(R m ) \ and 
to G ^(R 2 '™)), if the following conditions are satisfied: 

(1) /j i -> / in y'(R n ) as j turns to oo; 

(2) ff/ J>w ,p(0 -> #/>, P (f) in Li(R n ) as j turns to oo. 

Remark 1.7. Assume that /, /i, fo, ■ ■ • G ^'(R n ) satisfies (1) in Definition 1 1.6[ and 
assume that £ G R™. Then it follows from Fatou's lemma that 

liminfif/^p^) > ff/>, P (£) and liminf ||/j|| m p^ > 

The following proposition is important to us later on. We omit the proof since 
the result is a restatement of Proposition 2.3 in [41]. 
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Proposition 1.8. Assume that p, q G [1, oo] such that q < oo, and that u> G 
^(R 2n ). Then C^°(R n ) is dense in M^(R") with respect to the narrow conver- 
gence. 

1.2. Coorbit spaces of modulation space types. Next we discuss a familly 
of Banach spaces of time-frequency type which contains the modulation spaces. 
Certain types of these Banach spaces are used as symbol classes for Fourier integral 
operators which are considered in Subsection 12.51 (Cf. the introduction.) 

Assume that Vj and Wj for j = 1, ...4 are vector spaces of dimensions rij and 
rrij respectively such that 

(1.3) Vx ® v 2 = v 3 8 Vi = R™, Wi © w 2 = w 3 © W A = R m . 

We let the euclidean structure in Vj and Wj be inherited from R" and R m re- 
spectively. For conveniency we also use the notation V and p for the quadruple 
(Vi, . . . Vi) of the vector spaces Vi, . . . , V4 and the quadruple (p, q, r, s) in [1, oo] 4 , 
respectively. That is 

V = (V 1 ,...,V 4 ), F=(Wi,...,» r 4), and p=(p,q,r,s), 
where p, q,r,s G [1, 00]. We also let and w G ^(R 2 ™), and we set 

L P (V) = L s (l/ 4 ; L r (V 3 ; L"{V 2 ; D>{V X )))). 
Finally we let L P ^(V) be the Banach space which consists of all F G L / 1 oc (R 2 ") 
such that Flu G L P (F). This means that L p {uj) (V) is the set of all F G L} oc (H 2n ) 
such that 

\\ f \\l U (v) = {J v (J v {J v ( J v \f(x,smx,o\ p dxi) 9/p 'dx 2 y /q d&y 

is finite (with obvious modifications when one or more of p, q, r, s are equal to 
infinity). Here dxi,dx 2 ,d(,i,d^ 2 denotes the Lebesgue measure in V\,V 2 ,V3,V4 
respectively. 

Next let x e J^(R") \ 0. Then the space ©^("V 7 ) consists of all / G J?"(R n ) 
such that V x f G L?JV), i.e. 

(1-4) \\f\\ &U( v) = \\V x \\ LU( y)<oo. 

We note that if p = q and r = s, then ® P ^(V) agrees with the modulation space 
M?^y On the other hand, if p ^ q or r ^ s, then ©? U) \(V') is not a modulation 
space. However it is still a coorbit space, a familly of Banach spaces which is intro- 
duced and briefly investigated in [16, 17]. By Corollary 4.6 in [16] it follows that 
®(cj)0^) m h° meomor phi c to a retract of L P ^(V), which implies that the interpo- 
lation properties of L P JV) spaces carry over to & P ^(V) spaces. (Cf. Theorem 
4.7 in [16].) Furthermore, if to is the same in the involved spaces, it follows that 
L P ^(V) has the same interpolation properties as L P (V). From these observations 
together with the fact that the proof of Theorem 5.6.3 in [3] shows that 

(L Pl (IL n ;&x), (R n ; & 2 ) ) [e] = L p (R n ; &) , 

1 1 Q Q 

when p,pi,p 2 G [l,ac],I% = (&i,3# 2 ) r e i and - = 1 , 

P Pi Pi 

it follows that the following result is an immediate consequence of Theorems 4.4.1 
and 5.1.1 [3]. The second part is also a consequence of Corollary 4.6 in [16] and 
Theorem ?? in [25]. Here we use the convention 

1/P= (l/P,l/qA/r,l/s) when p = (p, q, r, s). 
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Proposition 1.9. Assume that Vj C R™ and Wj C R m for j = 1, .. .,4 be vector 
spaces such that l|1.3p holds, pj, qj E [1, oo] 4 for j — 0, 1, 2 satisfy 

1 _ 1-0 1 _ 1-0 
Po pi P2 qo qi q2' 

/or some G [0,1]. Also assume that Lu,ujj G ^(R 2 "- 7 ) /or j = 1,2. T/ien i/«e 
following is true: 

(1) i/ie complex interpolation space (®?i)Cw> * s egwaZ £o 8? ,(F); 

(2) j/T ?'s a linear and continuous map from ® P (l Jl ^(V)+® p ^ j ^(V) to & q ^^(W)+ 
®1^JW), which restricts to a continuous mappings from to 
®(i, 2 \(W) for j = 1, 2, £/ien T restricts to a continuous map from ©(^(V) 

The most of the properties for modulation spaces stated in Proposition Proposi- 
tion ll.ll and Remark 1 1 . 31 carry over to spaces. For example the analysis in [21] 
shows that the following result holds. Here we use the convention 

Pi < P2 when pj = (pj,qj,rj,8j) and pi < p 2 , qi < q2, r\ < r 2 , Si < s 2 , 
and 

ii < p < ^2 when p = (jp, q, r, s), tj., t2 G RU {oo} and ti < p,q,r,s < t%. 

Proposition 1.10. Assume that p, Pj € [l,oo] /or j = 1,2, and u>, u>i, u>2, v G 
£P(R, 2n ) are such that u> is v-moderate and < Cu>\ for some constant C > 0. 
T/ien i/ie following are true: 

(1) «/ x G MK(R") \ 0, tfien / G ©L)(F) »/ and 07% «/ JO} fto/rfs, i. e. 
®\ui)(y) is independent of the choice of x- Moreover, ® P ^(V) is a Ba- 
nach space under the norm in (|1.4|) . and different choices of x give rise to 
equivalent norms; 

(2) if Pi < P2 then 

y(n n ) - e£ (7) - ®£ 2) (F) ^'(R"). 

Later on we also need the following observation. 

Proposition 1.11. Assume that (x,y) £ V\ ® V% = R"°+" with dual variables 
(£,??) G Vi ® V 3 , where V\ = V± = R"° and V 2 = V 3 = R™. Also assume that 
f G J^'(R"), /o G y'(R no+n ) ! lo G ^(R 2n ) and w G ^(R 2 (™o+«)) 

fo(x,y)=f(y) (in.y'(R n °+ n )) and uo{x,y,Z,rj) = 

/or some i £ R, and i/iai p, a: 6 [l,oo]. T/ien / G M?^(R") «/ and on/?/ i/ /o G 
M ( p wo) (R"°+") and p= (oo,p,g,l). 

Proof. Let xo = Xi where Xi G ^(R"°) and x S =i^(R n ). By straight-forward 
computations it follows that 

(1.5) \v x j (x,y,tv)M^,y^,v)\ = \v x f(y,vMv,v)\ lxi(0<0*l- 

Since ls rapidly decreasing to zero at infinity, the result follows by ap- 

plying an appropriate mixed Lebesgue norm on (|1.5p . □ 
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1.3. Schatten-von Neumann classes and pseudo-differential operators. 

Next we recall some facts in Chapter XVIII in [23] concerning pseudo-differential 
operators. Assume that a G ^(R 2 "), and that t G R is fixed. Then the pseudo- 
differential operator a t (x, D) in (|Q.3|) is a linear and continuous operator on ^(R™), 
as remarked in the introduction. For general a G j7"(R 2n ), the pseudo-differential 
operator at{x,D) is defined as the continuous operator from c5^(R") to ^'(R") 
with distribution kernel 

(1.6) K t , a {x, y) = (2 7 r)-"/ 2 (^ 2 - 1 a)((l - t)x + ty,y- x), 

Here is the partial Fourier transform of F(x,y) G ,y'(R 2n ) with respect to 

the y- variable. This definition makes sense, since the mappings and F(x, y) 1— ► 
F((l — t)x + ty,y — x) are homeomorphisms on ^'(R 2 ™). Moreover, it agrees with 
the operator in JEU) when a G ^(R 2m ). 

Furthermore, for any (6R fixed, it follows from the kernel theorem by Schwartz 
that the map a ^ a t (x,D) is bijective from ,9"(H 2n ) to Jz? (J^(R™), ^"(R n )) (see 
e.g. [23]). 

In particular, if a G y'{B? m ) and s, i G R, then there is a unique 6 G ^'(R 2m ) 
such that a s {x,D) — b t {x,D). By straight-forward applications of Fourier's inver- 
sion formula, it follows that 

(1.7) a 8 (x,D) = b t ( X> D) & b(x,0 = e i(t - s)iD ^ ) a(x,0- 

(Cf. Section 18.5 in [23].) 

Next we recall some facts on Schatten-von Neumann operators and pseudo- 
differential operators (cf. the introduction). 

For each pairs of Hilbert spaces J%i and J%2, the set ^fp(J^,J^) is a Banach 
space which increases with p G [l,oo], and if p < 00, then J?p(J$°i , Jtfz) is con- 
tained in the set of compact operators. Furthermore, ^i(Jifi,J^), ^2(^1,^2) 
and J^oo(^i,^) agree with the set of trace-class operators, Hilbert-Schmidt op- 
erators and continuous operators respectively, with the same norms. 

Next we discuss complex interpolation properties of Schatten-von Neumann 
classes. Let p,Pi,P2 G [l,oo] and let < 6 < 1. Then similar complex inter- 
polation properties hold for Schatten-von Neumann classes as for Lebesgue spaces, 
i. e. it holds 

(1.8) J v = (y pi ,y p2 )[9], when - = i— - + — . 

(Cf. [31].) Furthermore, by Theorem 2.C.6 in [24] and its proof, together with the 
remark which followed that theorem, it follows that the real interpolation property 

(1.9) S P = (Sn,S o)o,p, when 9 = 1 - -. 

We refer to [31,40] for a brief discussion of Schatten-von Neumann operators. 

For any t G R and p G [1, 00], let St !P (u}%, u>%) be the set of all a G ^'(R 2 ™) such 
that a t (x,D) G ^ V {MJ ^,MJ X Also set 

IMk P = llollat,,^!,^) = \Wt(x,D)\\jr p(M ^ tM 2^ 

when a t {x,D) is continuous from ML to M? u \, By using the fact that a 1— > 
a t (x, D) is a bijective map from y"(R 2n ) to ££ (^(R™), J?"(R™)), it follows that the 
map a 1— > dt(x, D) restricts to an isometric bijection from St tP (u>i, W2) to J^M 2 ^, M 2 ^). 

Here and in what follows we let p' G [1, 00] denote the conjugate exponent of 
p G [l,oo], i.e. l/p+ 1/p' = 1. 
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Proposition 1.12. Assume thatp,qi,q2 G [l,oo] are such that qi < min(p,j/) and 
q2 > max(p,p'). Also assume that uji,uj2 G ^(R 2 ") and<jj,uJo G ^(R 4 ") satisfy 



coi(x+(l-t)y,£-tri) 



= u{x,£,ri,y) 



uq{x, y, £, ??) = ~ + ty, t£ - (1 - t)?7, £ + r),y- x). 
Then the following is true: 

(1) M^(R 2 ") C St , p ( Wl , W2 ) C M™ 2 (R 2 «); 

(2) the operator kernel K of a t {x,D) belongs to M^^(R 2n ) if and only if 
a G M?JT& n ) and for some constant C, which only depends on t and the 
involved weight functions, it holds \\K\\ ai p — C\\a\\ M p 

(»o) ("0 

Proof. The assertion (1) is a restatement of Theorem 4.13 in [42]. The assertion 
(2) follows by similar arguments as in the proof of Proposition 4.8 in [42], which 
we recall here. Let x, tp € y(R 2n ) be such that 

iK*> y) = I x((i - t)x + t y , 

By applying the Fourier inversion formula it follows by straightforward computa- 
tions that 

\£ r (KT( x _ ty , x+{1 _ t)y) il;)(£+ (1 -t)r), -£ + tr/)| = \^(aT (x ^ } x)(y,v)\- 
The result now follows by applying the L?s norm on these expressions. □ 

We also need the following proposition on continuity of linear operators with 
kernels in modulation spaces. 

Proposition 1.13. Assume that p G [l,oo], ojj G ^(R 2nj ), for j = 1,2, and 
u> G ^(R 2 ™i+ 2 "2) fulfill for some positive constant C 

(1-10) < ClJ j(x, y ^, V ). 

ui{y,-r)) 

Assume moreover that K G AI^(R ni+n2 ) and T is the linear and continuous map 
from J^(R ni ) to y' {TV 12 ) defined by 

(1-11) (T/)(a;) = <*(*.■)>/> 

when f G y{Tl ni ). Then T extends uniquely to a continuous map from M^^R™ 1 ) 
to Mf^TV"). 

On the other hand, assume that T is a linear continuous map from M, 1 ^(R™ 1 ) 
to Aff" 3 )(R" a )i and that equality is attained in (|1.10p . Then there is a unique kernel 
K G M^ ) (R ni+n2 ) such that ifTTTTj) holds for every 

Proof. By Proposition ll.il (3) and duality, it sufficies to prove that for some constant 
C independent of / G y{R ni ) and g G J^(R™ 2 ), it holds: 

\{K, g ® f)\ <C\\K\\ Mf \\g\\ MP , \\f\\ MP , . 

Let 0^3(2;, £) = cui{x, — £). Then by straight-forward calculation and using Remark 
fOl (7) we get 

\{K,g®J)\ <Ci||^||m* 'J9®!\\ M *> <C 2 \\K\\ Mf \\g\\ MP , 
<C\\K\\ Mr \\g\\ MP , \\f\\ MP , 
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The last part of the proposition concerning converse the property in the case 
p = oo is a restatement of Proposition 4.7 in [42] on generalization of Feichtinger- 
Grochenig's kernel theorem. □ 



2. Continuity properties of Fourier integral operators 

In this section we discuss Fourier integral operators with amplitudes in modula- 
tion spaces, or more generally in certain types of coorbit spaces. In Subsection 12.31 
we extend Theorem 3.2 in [5] to more general modulation spaces are involved. 

2.1. Notation and general assumptions. In the most general situation, we as- 
sume that the phase function ip and the amplitude a depend on x € R" 1 , y G R' 12 
and C G R™, with dual variables £ G R n \ rj G R™ 2 and z G R m . For conve- 
niency we use the notation N = m + n 2 , and X, Y, Z, . . . for tripples of the form 
(x,y,C) G R N+m , that is 

(2.1) N = m+n 2 , and X = (x, y, () G R™ 2 © R" 1 © R m ~ H N+m . 

In order to state the results in Subsection 12.51 we also let F G C 1 (R Ar+m ), Vi be a 
linear subspace of R Ar + m of dimension TV, V2 = Vf 1 , and let Vj — Vj be the dual 
of Vj for j = 1,2. Also let any element X = (x,y,Q G R"i+" 2+m = R^+™ an d 
(£, r), z) G R Ar+m in be written as 

(x, y, C) = *i e i H 1- tjvejv + £iejv+i 1- Q m e N+ m 

= (t, e) = (t, e)y ie u 2 - 

and 

»7; z ) = T i e i H 1" Tjvejv + MieAf+i h u m eN+ m 

= (t,u) = {T,u) v i evi . 

for some orthonormal basis e\, . . . , ejv+m in R^" 1 "™, and let denotes the gradi- 
ent of F with respect to the basis ejv+i, ■ ■ ■ ,eN+m- Assume that d > 0, u),v G 
0>(Ri(N+m)^ w . g ^( R 2n^ and ^ g C'(R Ar+m ) are such that v(X,(,r),z) = 

v(Z,Tj,z) is submultiplicative, ip" G M~' 1 (R JV+m ) and that JH]) and {23]) hold. 
It is also convenient to let 

Ea,u>(*, e,T,«) = |y x a(A,^77,z)w(A,^,77,z)|, 

£ a ^{x,y,u) = supE a , w (t, £,r, «), 

when a G J?"(R +m ). Here it G V 2 ' and the supremum should be taken over 
C G R m and t G Vj. 

Next we discuss general assumptions on the weight functions and phase functions. 
In general we assume the phase function <p G C(R N+m ), and the weight functions 
w,v G &>(R N+m x R Ar + m ) ) uj e ^>(R 27V ) and wi,w 2 6 ^(R 2 "0, are such that 
the following conditions are fulfilled: 

(1) v is submultiplicative and satisfies 
v(X,£,r),z) = v(£,ri,z), and 

(2.2) 

v(t-)<Cv X G R Ar+m , f G R" 2 , 77 G R™ 1 z G R m , 

for some constant C which is independent of t G [0,1]. In particular, 
v(X, £, r), z) is constant with respect to X G R Ar+m ; 
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(2) ip^ G M~ 4 (R Ar+m ) for all indices a such that \a\ = 2 and 



vi(y, -v) 



< du (x, y, £, V ) < C 2 lo{X, i - y' x {X), 77 - <p' y (X), -<p' c {X)), 



( 2 ' 3 ) o<j(X,£i + 6,771 +V2,z 1 + z 2 ) < Cu>(X, £x,r)i, zi)v(&,m, 22), 

X = (x,y,0 e R N+m , 66,6 G R" 2 , ry, 77!, 772 e R" 1 , z u za e R"\ 

for some constants C, C\ and C 2 which are independent of X G R N+m , 
6,6 G R" 1 , »h,»j2 G R™ 2 and Zi, z 2 G R m . 

2.2. The continuity assertions. In most of our investigations we consider Fourier 
integral operator Op ¥ ,(a) where amplitude a belongs to appropriate Banach space 
which are defined in similar way as certain types of coorbit spaces in Subsection [L3l 
and that the phase function ip should satisfy the conditions in Subsection 12.11 In 
this context we find appropriate conditions on a, 99 such that the conditions (i)-(iii) 
below are fulfilled. Here the definition of admissible pairs (a, <p) are presented in 
Subsection 12.51 below. 



(i) the pair (a,cp) is admissible, and the kernel K a>(p of Op v (a) belongs to 
Mf Uo) , and 

\\Ku,4mI o) ^Cd^expdl^'H^.x)^!!, 

for some constant C which is independent of a G y' (R N+m ) and <p G 
C(K N+m ); 

(ii) the definition of Op v (a) extends uniquely to a continuous operator from 
Mf JR™ 1 ) to Mf JR" 2 ). Furthermore, for some constant C it holds 

||0 Pv (a)|| MP , _^ MP < Cd-^xpdl^'H ^ OI!a|| ; 

(iii) if in addition 1 < p < 2, then Op v (a) G ^(M^, Mf^). 

2.3. Reformulation of Fourier integral operators in terms of short time 
Fourier transforms. For each real- valued ip G C(R N+m ) which satisfies ip^ G 
M^ 1 (R N+m ) for all multi-indices a such that \a\ = 2, and a G 3?(Tl N+m ), it 
follows that the Fourier integral operator / 1— > Op,. (a)/ in l|0.2p is well-defined and 
makes sense as a continuous operator from y(R, ni ) to y(R™ 2 ), that is 

(Op»/,.g) = (2n)- N / 2 [ a(X)e i ^f(y)gJx)dX, 

J R N + m 

when / G ^(R™ 1 ) and g G ^(R™ 2 ). In order to extend the definition we reformu- 
late the latter relation in terms of short-time Fourier transforms. 

Assume that < x , V' G Cg°(R N+m ) and < Xj G Cg°(R n i) for j = 1,2 satisfy 

HttlU 1 = llxlU 2 = 1, 
and let Xl = (£1,3/1, Ci) G R +m . By straight-forward computations we get 

{2n) N '\OpJd)f, g) = [ a(X)f(y)gJx)e^ dX 



IL 



a(X+X 1 ) X (X 1 ) 2 f(y+y 1 )xi(yx)9(x + x 1 ) X2 (x 1 )e^ x ^ x+x ^ dXdX 1 

R2(JV + m ) 
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Then Parseval's formula gives 
(2n) N / 2 (Op v (a)f,g) 



R2(N + m ) 



( ( F(X, £, t), Ci) dCi) (V X1 f)(y, -v)(V X2 g)(x : 0e-^ )+{y ' ,l)) dXd£d v , 



R2(« + r. 



R 2AT + m \J R 

where 

F(X, 77,Ci) = ^i, 2 (e^< ■ < Cl)v(X+( ■ < Cl)) a(X + ( • , Ci)M • , Ci) 2 ) (£, 

Here J^i^a denotes the partial Fourier transform of a(x, y, Q with respect to the x 
and y variables. 

By Taylor's formula it follows that 

ip(X 1 )i P (X + Xi) = iPiX^xiX^ + i> 2 ,x( X i), 

where 

1> l ,x(X l )=<p(X) + (< f /(X),X l ) and 
(2.4) ,1 



By inserting these expressions into the definition of F(X, £, ?7, Ci), and integrating 
with respect to the Ci-variable give 



F(X,£,77,CiHCi 



R" 



= (27r)™/ 2 ^((e^.-x)(a( • + X) X )(£ - ^(X), „ - ^(X), -^(X)) 

= (2^) A '/ 2 ^(X,e^) ; 

where 

W a ^(X, £ rj) = h x * (^(a( • +X)xM - <fi' x (X),v - <p' v (X), -<p' c (X)), 

(2.5) 

and h x = (2Tr)- {N - m ^(,^(e l ^- x X )) 
Summing up we have proved that 
(Op p (a)/,5) = T a>v (f,g) 

(2.6) , , , 

' W Q , v (X,C,r ? )(F X0 /)(y,-77)(V X0 3)(x,0e- l(<a; '« >+fe '" )) dX^. 

2.4. An extension of a result by Boulkhemair. Next we consider Fourier 
integral operators with amplitudes in the modulation space M^ 1 (R 2n+m ), where 
we are able to state and prove the announced generalization of Theorem 3.2 in [6]. 
Here we assume that ri\—ni — ri which implies that N — 2n. 

Theorem 2.1. Assume that 1 < p < oo, and that tp £ C(R 2rl+m ), w, v 6 

£»(R2(Ar+m)) and UuUj2 g ^>(R2n) y^yjjj ^ con fa tions in SubsectionKM Also 

assume that (|0,4p ftoZrfs /or some d > 0. Then the following is true: 

(1) the map a ^ Op^a) /rom ,y(R 2n+m ) to if (J^(R™), y'(R n )) esierw/s 
uniquely to a continuous map from M ( ^ 1 (R 2n+m ) io JSf (^(R n ), J^'(R")); 
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(2) if a e M^: 1 (R 2n+m ), then the map Op v {a) from J^(R") to J^'(R") is 
uniquely extendable to a continuous operator from M^^R") to M? ^(R n ), 
Moreover, for some constant C it holds 

(2.7) ||Op v (a)|| Mf M , <Cd-^a\\ Mr iexp(Cy"\\ Mr i,), 

The proof needs some preparing lemmas. 

Lemma 2.2. Assume that v(x^) — G ^(R n ) is submultiplicative and sat- 
isfies v(t£) < Cu(£) for some constant C which is independent of t G [0,1] and 
£ e R™. ,4Zso assume that f G M ( ~ ) ' 1 (R n ), x G C(f (R n ) and i/iai x G R™, and fei 

¥x,j,k{y) = x(v) / (i - + di. 

Jo 

Tften i/iere is a constant C and a function g G Af^(R n ) s?/c/i i/iai IMIm 1 < 
and |J^-, fe )(£)| <?(£)• 

Proof. We first prove the assertion when x m replaced by tpo{y) = e 2 1 1 . For 
conveniency we let 

fpi(y) = e~ m , and ip 2 {y) = e m , 

and 

WO^mpWW' -*))(0I- 
We claim that defined by 

(2.8) g(0= [ [ (l-^oojWe-^^ 2 / 16 ^, 

fulfills the required properties. 

In fact, by applying M}*. norm on g and using Minkowski's inequality and Re- 
mark [L3] (6) , we obtain 



o Jr. 



(l-^HvojWe-^-^ 2 / 16 dndt 



< / {l-t)H Xtf (r,)\\e-\--^ 16 \\ K dridt 
<Ci/ / (l-*)ffoo,/(r?)||e H - |2/16 ||M? v(tn)d v dt 

JO JR" w 

<C 2 [ [ (l-t)ff o,/(»?M»;)l|e-' ,|a/16 ||j tf x d*7<« 

JO JR™ 1 ' 

= C , 3||if 0O) /u||i,i = C 3 ||/|| M oo,i. 

In order to prove that |^X<ftr,j,fc)(£)l < ff(£)> we l et V'(y) = V>j,fc(2/) = VoVkipoiy)- 
Then 

fx,j,k(y) = iPiv) / C 1 -t)f(x + ty)dt. 
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By a change of variables we obtain 

= I / (*-*)( / f{x + ty)^{y)e-^^ dy)dt 

(2.9) 



_ t)^(/^(( • - x)/tM/t)e iM/t dt 



< / t-"(l-t) sup -z)/i))(£/i)|<ft. 

JO iGR™ 

We need to estimate the right-hand side. By straight-forward computations we get 

MW((- -*)/t))(OI 

< (2tt)-"/ 2 (|^(/^i(- -z))|*|^W<((- -x)/t)M- -ac))l)(0 

= (27r)-"/ 2 (|^(/^(. * ^(•/t)^)|)(0 

where the convolutions should be taken with respect to the ^-variable only. Then 

(2.10) MW((- -^)A))(0l<(27r)- n/2 (^oc,/* W(-/*)^)l)(0 

For the estimate of the latter Fourier transform we observe that 

(2.11) |J^(-/W| = |0i0*^o(-/*)V*)|. 

Since i/'o and ip2 are Gauss functions and < t < 1, a straight-forward computation 
gives 

(2.12) ^(M ■ /*) = K n,2 t n {2 ~ t 2)-n/2 e -t 2 k| 2 /(4(2-t 2 ))_ 

Thus a combination of l|2.1ip and (|2.12[) therefore give 

(2.13) |^(</,(./i)V> 2 )(0l <Ct"e- t2 l«l 2 / 16 , 

for some constant C which is independent of < £ [0,1]. The assertion now follows 
by combining plj]) . IpTO]) and pl3|l . 

In order to prove the result for general x € Co°(R n ) we set 

h x ,j,h(y) = My) / (1 - + *J/)j/jJ/fc rft, 
Jo 

and we observe that the result is already proved when (p x ,j,k is replaced by h x ,j,h 
and moreover <p x ,j,k — Xih x ,j,k, for some xi G Co°(R™)- Hence if <?o is given as the 
right-hand side of (|2.8p , the first part of the proof shows that 

l^(¥W,fe)(OI = l^(Xi^-,*(0)l < (2^)-" /2 |xI| *9 - 0(0 s ff (0- 
Moreover I^oHm^ < C 'II/IIm~' 1 - 

Since ML * LL% C M;L, we get for some positive constants C, C\ 

IIsIImi,, < cIIxiIIl^IIsoIIm^ < Ci||/|| M oci, 

which proves the result □ 

As a consequence of Lemma I2T21 we have the following result. 

Lemma 2.3. Assume that v(x, £) = €E ^(R™) is submultiplicative and sat- 
isfies v(t£) < Cv(£) for some constant C which is independent of t s [0,1] and 
£ € R". Also assume that f j>k € M^(R n ) for j, k = 1, . . . , n, x € C °°(R") and 
i/iai x € R™, and Zei 

<Px(y)= Y <Pxj,k(v)> where <Pxj,k{v) = x(y) / 0--t)fj,k( x + t y)vjVkdt. 

j,k=l,...,n 
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Then there is a constant C and a function W G M^(R n ) such that 
II^IIm. 1 , < exp(Csup \\fj,k\\ur<^ 

and 

(2.14) |^(exp(i % )(£))| < (2^)" /2 £ + %). 

Proof. By Lemma l2~2l we may find a function g 6 and a constant C > such 
that 

1^(01 < 9(0 > \\9\\m} . < Csup (||/j,fc|| M ».i 
Set 

$ ,x = (2^) n/2 <5 , *I,x = |^»)|*"-*|^x)| ) i>l 

T = (2^)"/ 2 <5 , f, =■§*■■■*■§, 1>1, 
with Z factors in the convolutions. Then by Taylor expansion, there is a positive 
constant C such that 

oo oo 

|^(exp(^ x ( • ))(0)| < C l ^, x /l\ < 

i=o i=a 

Hence, if 

oo 

1=1 

then (|2.14p follows. Furthermore, since v is submultiplicative, by means of Propo- 
sition [O] we obtain 



IITjH^ = (2 7 r)('- 1 )"/ 2 || 5 ... 5 ||^ ) < (dUflll^)', I > 1, 
for some positive constant C\. This gives 



l*H„ ^ E H^IIm^A! < f^(Ci\\g\\ M iJ/l } - 



i=i i=i 



< £(C2Sup(||/j,fc|| „..i)7i! < exp(C 2 8up||/ ilfc ||„» i), 

for some constants Ci and C2, and the assertion is proved. □ 

Proof of Theorem \2.1[ We shall mainly follow the proof of Theorem 3.2 in [6]. First 
assume that a E Cfi°(R 2n+m ) and f,g e J^(R n ). Then it follows that Op v (a) 
makes sense as a continuous operator from S" to 5?' . Since 
\&(j*>>* X )\ < (27r)-»+™/2|^ (e ^,x ) | , ^ \&(a(- +X) X )\ = \V x a(X, -)\, 
if follows from Lemma [2751 that 

(2.15) \H a , v (X,£, v )\<C(G*\V x a(X, ■ )|)(£ - <p' x (X), r, - <f/ y (X), -<p' c (X)), 
for some non-negative G £ which satisfies ||<j||j,i ^ < (7exp(C||<£>"|| M oo,i. Here 

TLa.ip is the same as in (|2.5p . 
Next we set 

E„, u (^,?,t),z) = |V x a(X,£,r7,2)u;(X,£,7?,2)|, 

E a ,u, (£,??, 2) = supE a , w (X,^,r?, 2) 

(2.16) x 

^i(y,»7) = l^xi/(y ) '7M(2/ ) '7)|, 
F 2 (z,0 = K 2 9(z,0MM)l, 
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and 

(2.17) Q„, W (X, C) - EaAX, £ - cp' x (X), V - </ v (X), -<p' ( (X)), 
and 

(2.18) 1Z a<UtV (X, = ((Gv) * E a , u {X, ■))(£- v' x {X),r) - y' y (X), -^(X)), 

X=(x,y,C), X = (x ) y,£,rj). 
Note here the difference between X and X. By combining l|2.3p with (|2. 15|) we get 

\H a , v (X, £, V )(V X1 f)(y, - V )(V X2 g)(x, 0\dXd^drj 



<C 1 1 1 1 (G*\V x a(X, ■)m-^ x {X)^-^ y {X)-^{X))x 
\{V Xl f)(y, -vW X2 g)(x,Z)\dXdtdri 

<C 2 fff Tl atUtV (X,OF 1 (y,-r 1 )F 2 (x^)dXd^dr, 



Summing up we have proved that 

(2.19) \(Op v (a)f,g)\<C JJJ ft ,^(X, O^iO/, -ri)F 2 (x,0 dXd&r). 

It follows from ([2TT6|) . |2~18ll . (|2~19|) ' and Holder's inequality that 

(2.20) \(0 Ptp (a)f,g)\ <CJ X - J 2 , 
where 

i/p 



J: 



l/p' 



(JJJ ((Gv) * E a , w (£ - <p' x {X),rt - ^(X), V C P0)F 2 (:r, P ' dXdtdr,) 

We have to estimate J\ and By taking z = Lp'^(X), Co = </?!,(X), y, £ and 77 as 
new variables of integrations, and using l|0.4p . it follows that 



1 < (d 1 jjj (Gu)*E 0)tl) (£ -Ki{y,z,z ),r] -Co, z)F x (y, -ri) p dydzd^drjdC,^ 
6 1 III ( Gv )*^-^^z)F 1 (y,-r ] )Pdydzd^dr,dCo) 



i//< 



i/p 



= d-y^(Gv)*E a ^\\F 1 \\ LP , 
for some continuous function k%. It follows from Young's inequality and (|2 .3[) that 

||(Gi0*E o , u [Ui < ||G|| £ iJ|E 0|&> || £ i. 

Hence 

(2.21) Jx < d-VP (Cexp^ll^^l^.OllallM-a) 17 " II/IIm^,- 

If we instead take x, y$ — ip' 3 (X), £, r/ and Co = <Pi(X) as new variables of integra- 
tions, it follows by similar arguments that 

(EUD' J 2 < d- 1 ^' (c7cxp(C7||^'|| =c ,i)\\a\\ Mr X /P \\g\\ MP , . 

\ (v) (<*0 / (1/^2) 
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A combination of pp) , (f2~2Tj) and fMIjl 7 now gives 

|(Op»/, 5 )| < Cd-^laH Mr A\f\\M» ,11511m,' exp(C||^'|| M; » 

which proves and the result follows when a £ C °°(R 2 ™ +m ) and f,ge J^(R n ). 

Since <y is dense in Mf and Mf, , , the result also holds for a G CZ° and 
/ G Hence it follows by Hahn-Banach's theorem that the asserted extension 

of the map a 1— > Op v (a) exists. 

It remains to prove that this extension is unique. Therefore assume that a G 
M^l is arbitrary, and take a sequence dj G for j = 1,2,... which converges 

to a with respect to the narrow convergence. Then E aiiW converges to E QiW in L 1 as 
j turns to infinity. By l|2.4p - l|2.6p and the arguments at the above, it follows from 
Lebesgue's theorem that 

(Op v {aj)f,g) -> (Op v {a)f,g) 
as j turns to infinity. This proves the uniqueness, and the result follows. □ 

2.5. Fourier integral operators with amplitudes in coorbit spaces. A cru- 
cial point concerning the uniqueness when extending the definition of Op^, to am- 
plitudes in M^ 1 in Theorem 12.11 is that C§° is dense in M^l with respect to 
the narrow convergence. On the other hand, the uniqueness of the extension of 
the definition might be violated when spaces of amplitudes are considered where 
such density or duality properties are missing. In the present paper we use the 
reformulation (|2.6p to extend the definition of the Fourier integral operator in (|0.2p 
to certain amplitues which are not contained in Mf°Z . 

More precisely, assume that a G S"(R N+m ), f G R™ 1 , g G ^(R™ 2 ) and that 
the mapping 

(A, £, 77) t-> TL a .,p (a, e, v) (v xo f)(y, 

belongs to L 1 (JH N+m x R w ). (Here recall that N = n\ + 712, where, from now on, 
rii and n2 might be different.) Then we let T a ^(f,g) be defined as the right-hand 
side of IpO]) . 

Definition 2.4. Assume that N = m + n 2 , v G ^ 2 (R A ' +m x R Ar+m ) is sub- 
multiplicative and satisfies JIH), p G C 2 (R Ar+m ) is such and that ip^ G M^' 1 
for all multi- indices a such that \a\ — 2, and that a G J?"(R +rn ) is such that 
/ 1 > T ajV (f,go) and 5 1— > T ajtp (fo,g) are well-defined and continuous from ^(R™ 1 ) 
and from y(R" 2 ) respectively to C, for each fixed / G .Y(R ni ) and g G J^(R n2 ). 
Then the pair (o, is called admissible, and the Fourier integral operator Op v (a) 
is the linear continuous mapping from ^(R" 1 ) to c5^'(R™ 2 ) which is defined by the 
formulas {131), 63 and <E2U- 

Here recall that if for each fixed /o G ^(R" 1 ) and go G ^(R™ 2 ), the mappings 
/ M ^(/)3o) and g 1-^ T(/o,<?) are continuous from ^(R™ 1 ) and from ^(R™ 2 ) 
respectively to C, then it follows by Banach-Steinhauss theorem that (/, g) 1— > 
T(/,g) is continuous from J^(R ni ) x J^(R™ 2 ) to C. 

The following theorem involves Fourier integral operators with amplitudes which 
are not contained in M?°[ . 

Theorem 2.5. Assume that N , x, uij, v, ip, Vj, VL Q r and u for j = 0, 1, 2 are 
the same as in Subsection \2.1\ Also assume that a G (R. N+m ) fulfills \\a\\ < 00, 
where 

\\a\\ = esssupl / ( sup \V x a(X, £, rj, z)\) du J , 
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and that \det((p'^)\ > d for some d > 0. Then (i)-(ii) in Subsection \2.2\ hold fo 

p = oo. 



We note that the conditions on a in Theorem 12.51 means that a should belong 
to a subspace of which is a superspace of . Roughly speaking it follows 
that a should belong to a weighted space M°° in some variables and to a superspace 
of M 00,1 in the other variables. 



Proof. It suffices to prove that (i) in Subsection 12.21 

The notations are similar to that in the proof of Theorem 12.11 Furthermore we 

let 

£ a ,w(n,y, u) = supE a!a ,pr,£,77,z), and G lyV (u) = G(£,r],z)dT, 
C,t J vi 

where E is given by l|2.16p . By taking x, y, —tp' g (X),£,r] as new variables of inte- 
gration in (|2 - 1Q[1 . and using the fact that | det(<^ *)| > d we get 

(2.22) |(Op v (a)/, 5 )| <C7d-! / JC a ^, C v(X)F 1 (y,- V )F 2 (x,OdX 

^Cd-^l^^lli-llFill^HFalUi, 

where X = (x, y, £, rj) and 

^o,u>,G«(X) = / ((Gv)*(E a , u (x,y,Ki, •)))((£) Tj, 0) R « +m - (K2,u) V { ev >) du. 
Jvi 

for some continuous functions ni = K±(x,y,u) and «2 = K2(x,y,u), 

We need to estimate H/Cq^guIIl^- By Young's inequality and simple change of 
variables it follows that 

|| L oo < ||Gu|| L l • J a ,uj, 

where 



x 



J , w = esssupl / F, aiU (x,y,K 1 (x,y,u),(K 2 {x,y,u),u) v ^ v ^)du 



<esssup( / (swpE aiU ,(x,y,C,(T,u) v > @v >)du = \\a\\. 



Hence 

(2.23) \\K a ^ Gv \\ L o. < ||G«|| L i||o|| < Cexpdl^'H^ OIIoll. 

A combination of (j2.22[> . (|2-23fl . and the facts that H-FiHl 1 = II/IIm 1 and 
II-P2IU 1 = IIs'IIm 1 now gives that the pair (a,cp) is admissible, and that (i) in 

(!/^2) 

Subsection 12.21 holds. The proof is complete. □ 

Corollary 2.6. Assume that N, x, ^0, , v and ip for j = 1,2 are the same as 
in Subsection ] 2. 1\ Also assume that a 6 ^"(R N+m ), and that one of the following 
conditions holds: 

(1) |det(^'^)| > d and \\a\\ < 00, where 

(2.24) ||o||=sup(/ 8up\V x a(X,t,r),z)w(X,t,r),z)\dz); 
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(2) m = Tlx, | det(</j" ^)| > d and \\a\\ < oo, where 

(2.25) ||o||=sup(/ sup\V x a(X,Z,r),z)ij(X,Z,r),z)\dZ); 

(3) m — n,2, | det(tp'y ^)| > d and \\a\\ < oo, where 

(2.26) ||a||=sup(/ svv\V x a(X,t,ri,z)w(X,{,v,z)\dri). 

Then the (i)-(ii) in Sub section ! 2. 2\ hold for p = oo. 

Proof. If (1) is fulfilled, then the result follows by choosing 

Vi =V( = { (t,t,,o) g R N+m ;£ e R" 2 , v e R" 1 }, 
^ = ^ = {WC)eR ff+w ;(eR m }: 

g = £, r = (£, 77) and u — z m Theorem 12.51 If instead (2) is fulfilled, then the 
result follows by choosing 

Vi = v; = { (0, 77, z) e R N+m ■ ?, e R™ 1 , zeR m }, 
v 2 = v^ = { (t 0, o) g R N+m ; e G R™ 2 }, 

q — x, t = (77, z) and m = £ in Theorem 12.51 The result follows similar arguments 
if instead (3) is fulfilled. The details are left for the reader. □ 

The set of all a G y"(R N+m ) which fulfills that ||a|| < 00, where || • || is the 
same as in Theorem 12.51 is neither a modulation space nor a coorbit space of that 
type which is considered in Subsection 11.21 However it is still a coorbit spaces in 
the sense of [16, 17]. 

Next we discuss Fourier integral operators where the amplitudes belong to coor- 
bit spaces which are related to the amplitude space in Theorem 12.51 

Assume that a G S"(B. N+m ), lu,v G 3 g (R 2(N+m '>), Wj -(R an i) and ip G C{R N+m ) 
satisfy tp" G M ( ~' 1 (R JV+m ) satisfy flU) and IpTSjl . as before. Also assume that 
uj q G ^(R 2Ar ) satisfies 

(2.27) woOr, y, & 77) < Cw(X, £ - ^(X), 7/ - ^(X), ~V C PO)- 

Roughly speaking, the main part of the analysis in Section [2] concerns of finding 
appropriate estimates of the function E, defined in (|2.16[1 . 

We need to make some further reformulations of the short-time Fourier transform 
of the distribution kernel K a>v of Op^(a) in terms of (|2.6p . Formally, the kernel 
can be written as 

K a>v (x, y) = (2tt)- w / 2 / a(X)e^ 

(Cf. Theorem O) Hence, if < Xj G C$°(R n i) for j = 1,2 are the same as in 
Section then it follows by straight-forward computations that 

(2.28) (V xl9xa K a , v )(x,y,£,rj) = (0 P(p (a)( X i( - - y)e~ i{ - ' 7?> ),X 2 (- -x)e'< ■•€>). 
By letting / = xi ( • — y)e~ i< '' ,v ' andg = X2(- — x)e -8 ' ' it follows that 

(2.29) \{v x J{yum)\ = \(v xi xi)(yi- y,m + v)\ 

and 

(2.30) \(V X2 9(xi,^i)\ = \(V X2 X2)(xi -x, + 
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Now we choose Nq large enough such that ujq is moderate with respect to ( • ) Na , 
and we set 

F(X) = \(v xlX i)(y,-v)(v X2 x2)(x,(;)W No l 

Then F is a continuous function which decreases rapidly to zera at infinity. Fur- 
thermore, it follows from (|2~29|) and f2~30)l that 

(2.31) \(V x J(y 1 ,- Vl )(V^g(x 1 ,Ci)My ( -)\<CF(X 1 -X)u;(X 1 ), 
where the first inequality follows from the fact that 

wo(X) <Cwo(Xi)<X-Xi)* . 
By combining (|2~2"1) . [pH]) . QHty and (|2~27|) - (|2~5T| we obtain 

(2.32) \(V xl ® X2 K a , v )(X)uj {X)\ < C J J 'n a ^ v {X 1 Xi)F(X 1 -X)dCidXi, 

for some constant C. 

We have now the following parallel result of Theorem 12.51 



Theorem 2.7. Assume that N, \, w, ujj for j = 0,1,2, v and ip are the same 
as in Subsection \2.1\ Also assume that p G [l,oo], and that one of the following 
conditions hold: 

(1) a G y(R N+m ) and \\a\\ < oo, where 

(2) | de%' c ' c )| > d for some d > 0, a G ,9"(H N+m ), and \\a\\ < oo, where 

l/p sp s 1/p 



sup 

R JV \J R m £ \JjR' 



\V x a(X,t,r),z)L>(X,t,r),z)\ p d£dr]) dzj dxdyj 



Then the (i)-(iii) in Subsection \2.2\ hold. 

Proof. It suffices to prove (i). We only consider the case when (2) is fulfilled. The 
other case follows by similar arguments and is left for the reader. 

Let G be the same as in the proof of Theorem l2.H Q a ,uj and TZ a<u be as in l|2.17j) 
and (j2. 18(1 . and let 

E a , u (X,Z,T},z) = \V x a(X,£,ri > z)u)(X,£,ri > z)\. 

It follows from l|2.32j) and Holder's inequality that 

\(V Xl ® X2 K atV )(X)u (X)\ <C [[ {n a ^(X 1 ,(i)F(X 1 -X)Vf)F(X 1 - X) 1 /"' dCi^ 

J J Rm +2N 



< 



C W f \\l?' (J r2N ( / ^a,^(Xi,Ci)rfCi) P ^(Xi -X)dXl 



Up 



where H-FHl 1 is finite, since F is rapidly decreasing to zero at infinity. By letting 
Cp = Cexp(C||cp"|| M oo,i) for some large constant C, and applying the L p norm 

and Young's inequality, we get 

\\K\\ P MP <d[ if TZ a ^(X,C)dcYdX 

(-0) JR2N \J Rm I 

(2.33) <C x \\Gf Ll I (j Qa^A^OdcYdX 

J R 2N V J Rm J 



( j EaAXA- <fi(X),V- <Py(X), -^W) dtfdX. 



R 2JV 
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for some constant C\. It follows now from Minkowski's inequality that the latter 
integral can be estimated by 

E a , u (X, ^-<f/ x {X),ri-<ff y {X), -tf/ c (X)Y d(d v ) 1/P dcYdxdy 

/ (// E a ,^X,tv,-^c(X)Tdtdri) 1/P d() P dxdy. 

By letting C v = C2 exp(C2||<p"|| M oo,i), taking £, 77, — tp'^(X), x, y as new variables of 
integration, and using the fact that | det(y^)| > d, we get for some function k that 

C ((/{/( ( \ i/p \ v 



E a , w (x, y,n(x,y, z),£,r), z) p d£dr]) dz) dxdy 



("a) a JJR« Wr™ WJr« 

< 



= ^||af. 

This proves the assertion □ 

We also have the following result parallel to Theorem 12.71 

Theorem 2.8. Assume that N , x, w , Wj, t>, ip, X^, V- , g r and it /or j = 0, 1, 2 
are £/ie same as in Subsection \2.1\ Also assume that p £ [I, 00], a £ j7"(R N+m ) 
fulfills ||a|| < 00, where 

IHI = / (// ( sup \V x a(X,£,r},z)u}(X,€,ri,z)\) dtdr) ' du, 
Jv 2 ' v JJy 1 xv 1 ' v eey 2 7 7 

and that | det(<p'g ^)| > d. T/ien (i)-(iii) m Subsection \2.2\ hold. 

We note that the norm estimate on a in Theorem 12.81 means that a £ ® P ^{V) 

with p = (oo,p,p,l) andF= (V2, Vi, V{, V£). The proof of Theorem l2~8l is based 
on Theorem 12.51 and the following result which generalizes Theorem 12.71 in the case 
p=l. 

Proposition 2.9. Assume that N , x, w, Wj, w, <y?, Vj-, VJ, £> r and m for j = 0, 1, 2 
are £/ie same as in Subsection \2.1\ Also assume that a £ (R N+m ) satisfies 
\\a\\ < 00, where 



esssupf // \V x a(X,{;,r), z)uj(X,t;,r), z)\d{;dr]] dtdz . 



'R m xyi q£V 2 y JJn N 
and that \ det(ip'^ ^)| > d. T/ien (i)-(iii) m Subsection \2.2\ hold for p = 1. 



Proof. We use the same notations as in Subsection 12.11 and the proof of Theorem 
EU It follows from 1233]) that 

\\K\\ MLa) <C v [[_ E a .UX,^ V ' x (X), V -Vy(X),- V ' c (X))dCdX 



R2« + r 



ff E a ^{X^-^(X))dC,d* 
C X C V (( (ff Ea, u {X,e,ri,-<f/ c (X))dZ(hi)dtdQ. 
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By taking t and — ip'^ as new variables of integration in the outer doubble integral, 
and using the fact that | det(<p'^ ^)| > d, we get 

\\K\\mI q) < CxC^d- 1 ^ (jf ( JJ^E a , a (X,Z,r ]> z)<%dr ] )dt)dz 

^CiCVT 1 / (/ sup ( // E atU (X,£,r),z)dedri)dt)dz 

= C X C^- X \\a\\. 

This proves the result. □ 

Proof of Theorem \2.8[ We start to consider the case p = 1. By Proposition 12,91 (i). 
Minkowski's inequality and substitution of variables we obtain 

\\K\\ M i < CVT 1 / (/ sup ( // E a „(X,t,ri,z)dtdri)dt)dz 

< C v d _1 //// esssupE a £, r], z) dtd^drjdz 

^CiC v j ( // esssupE QiW (Jf, £,r), z)dtdr\ du, 
Jv 2 ' \JJvixV{ gev 2 ' 

for some constant C\, and the result follows in this case. 
Next we consider the case p = oo. By Theorem 12.51 we get 



\K || M °° < C^sup ( / sup (E a , w (X,^,?7, z)) du) 

<C lf l ( ess sup ( sup E a)il) (X, £,77, z) ) J dix, 
iv 2 ' v (t,-r)eVixy 1 ' eev 2 7 



and the result follows in this case as well. 

The theorem now follows for general p by interpolation, using Proposition 11.91 
The proof is complete. □ 

By interpolating Theorem 12.11 and Theorem 12.81 we get the following result. 

Theorem 2.10. Assume that N , x, ujj, v, ip, Vj, V- , g t and u for j = 0, 1, 2 
are the same as in Subsection \2.1[ Also assume thatp,q S [1, 00], a g (R, N+m ) 
fulfills || a || < 00, where 

\\a\\ = J v ,(J v ,(J v ( s up\V x a(X^, Vl z)uj(X^, Vl z)\ydty /P dTy /q du, 

and that in addition ri\ = n-i and (|0.4p and \ det(ip'^ ^)| > d hold for some d > 0. 
Then the following is true: 

(1) if p' <q<p andpi,p2 G [l,oo] satisfy 

1111 

2.34 q<Pi,P2<P, and — + — = - + -, 

Pi P2 P q 

with strict inequalities in <|2.34[) . then the definition of Op v (a) extends 
uniquely to a continuous map from M?*^. to M?^; 

(2) ifq < rmn(p,p'), then Op^(a) e M M Uy M U)^ 

We note that the norm estimate on a in Theorem 12.81 means that a 6 ®( w )(^0 
with p = (oo.p, q, 1) and V = (V 2 , V U V{, F 2 '). 
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Proof. In order to prove (1) we note that the result holds when (p, q) — (oo, 1) or 
q = p, in view of Theorems 12. II and 12.81 Next assume that q = p' for p > 2, and set 
Pi = (oo,oo,l,l) and p = (oo,2,2,l). Then it follows from Theorem 12.11 and 12.81 
that the bilinear form 

T(aJ) = Pip (a)f 



is continuous from 



and from 



0?\xM? , to Mf Kp<oo, 



® p foxMf Ui) to Mf lM) . 

By interpolation, using Theorem 4.4.1 in [3], Proposition 11.51 and Proposition 11.91 
it follows that if q = p' < 2, then T extends uniquely to a continuous map from 

0? , x Mf 1 , to Mf 2 „ 

{to} (ui) ("2)' 

when p' < pi — P2 < P- This proves (1) when q — poxq — p'. 

For g € (p')P)> the result now follows by interpolation between the case q = p' 
and pi = P2 = Pa where p' < pq < p, and the case q — p and p[ = pi = P- In fact, 
by interpolation it follows that T extens to a continuous map from 

©p , x Mf 1 , to Mf 2 , 

when 

1 1-61 6 1 1-6* 6» 1 1-6 6 



q p' P Pi Po P P2 Po P 
It is now straight-forward to control that these conditions are equivalent with those 
conditions in (1), and the assertion follows. 

In order to prove (2), it is no restriction to assume that q = min(p,p'). If p = 00 
and q = 1, then the result is a consequence of Theorem l2.ll If instead 1 < q = p < 2, 
then the result follows from Theorem 12.81 The remaining case 2 < p = q' < 00 
now follows by interpolation between the cases (p, g) = (2,2) and (p, g) = (00, 1), 
using (|1.8p or l|1.9p . and the interpolation properties in Section fl~2l The proof is 
complete. □ 



3. Consequences 

In this section we list some consequences of the results in SectionjH In Subsection 
13.11 we consider Fourier integral operators where the amplitudes depend on two 
variables only. In Subsection l3.2l we consider Fourier integral operators with smooth 
amplitudes. 

3.1. Fourier integral operators with amplitudes depending on two vari- 
ables. We start to discuss Schatten-von Neumann operators for Fourier integral 
operators with symbols in Af^(R 2n ) and phase functions in Mfjl' (R 3n ), for ap- 
propriate weight functions w and v. We assume here that the phase functions 
depend on x,y,£ G R n and that the amplitudes only depend on the x and £ vari- 
ables and are independent of the y variable. Note that here we have assumed that 
the numbers ni, n-i and m in Section [2] are equal to n. As in the preivous section, 
we use the notation X, Y, Z, , . . for tripples of the form (x, y, () G R 3 ™. 

The first aim is to establish a weighted version of Theorem 2.5 in [9]. To this 
purpose, we need to transfer the conditions for the weight and phase functions 
from Section [31 Namely here and in the following we assume that ip € C(R 3 "), 
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lu 0i lu G ^(R 4n ), vi G 0>(R n ), v 2 G ^(R 2n ) and v G > (R 6n ). A condition on the 
phase function is 

(3.1) |det« c (X))|>d, X = (x,y,C)eK 2n 

for some constant d > 0, and the conditions in (|2,3p in Subsection 12. II are modified 
into: 

u (x, y, i, V ' y (X)) < Cuj{x, C, t - ifi'jX), V<P0), 

V2(x,Q s n t c \ 

— c < Cu {x,y,t;,r)), 

Ui{y, -rj) 

031)' 

uo(x, y, t m + m) < Cu (x, y, £, mmim), 

v(X,£,7],z) = vi{r])v2(^,z), x,y,z,Zj,£,£j,ri,( G R™. 
For conveniency we also set Op 1 (a) = Op v (oi) when a±(x, y, C) = a(x, £). 

Theorem 3.1. Assume that p G [l,oo], d > 0, v G ^(R 6 ™) is submultiplicative, 
loq.uj G ^(R 4n ) and that ip G C(R 3 ") are such that ip is real-valued, tp^ G M™j 
for all multi-indices a such that \a\ = 2, and (|3.1|l and (|2 .3(1 7 are fulfilled for some 
constant C. Then the following is true: 
(1) the map 

a^K a . v (x,y)= f a(x,()e Mx ' yX) dC, 



from ^(R 2n ) to ^"(R 2 ™) extends uniquely to a continuous map from 
M* U) (B?°) to Mf^Ql*"); 

(2) the map a h-> Op 10ip (a) from y(R 2n ) to jS?(j^(R™), J?"(R")) extends 
uniquely to a continuous map from M^(R 2 ™) to jSf {5? (R™), y'(R n )); 

(3) if a £ Af^j(R 2 ™), i/ien £/ie definition o/Op 10 ¥ ,(a) extends uniquely to a 

continuous operator from M? ,(R") M?.(R n ). Furthermore, for some 
constant C it holds 

II OPi.o^MIIm"' -,m' < Cd -1 exp(||c^"|| _oo i)||a|| ; 

Ol) O2) t^J 

(4) t/o G M ( ~j 1 (R 2n ), ften ifte definition ofOp 10 ip {a) from J^(R n ) to y'(R n ) 
extends uniquely to a continuous operator from Mf, to Mf,; 

(5) «/<? < mm (P;P')> a £ )> an, d * n Edition (|0.4p holds, then Op 10 tp (a) G 

Proof. We start to prove the continuity assertions. Let ai(x, y, C) = ^(a;, C); an d let 

u(x,y,(,€,V,z) =u(x,£,£,z)vi(ri). 

By Proposition 11.111 it follows that prove that a\ G ®%j\(V) with p = (00, p,p, 1) 

and V — (V2, Vi, V{, V£), Hence Theorem 12.81 shows that it suffices to prove that 
(|2.3p holds after uj has been replaced by u>. 
By GjJ' we have 

^o(x,y,^,j]) < Cw (x,y,£,ip' y (X))vi(ri - ip' y (X)) 

< C 2 u(x, c,e - <P'(X), -<p' ( (X)) Vl ( V - <p' y (X)) 

= C7 2 £(x, y, C, C - ?? - <p' y (X), -^(X)). 
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This proves that the first two inequalities in l|2.3p hold. Furthermore, since v\ is 
submultiplicative we have 

+&,m +m,zi + z 2 ) =uj(x,(,S,i +&,zi +z 2 )vx(r)i + rj 2 ) 

< Cuj(x, (, £,1, Zl)v 2 (^2, Z2)vi{m)v{V2) = CLj(X,£ 1 ,71 1 ,Z 1 )v(&,r]2,Z2), 



for some constant C. This proves the last inequality in l|2.3p . and the continuity 
assertions follow. 

It remains to prove the uniqueness. If p < oo, then the uniqueness follows from 
the fact that 5? is dense in Mf >. 

Next we consider the case p — oo. Assume that a G M, 1 >(R 2 ™) and b G 



Mh.d'Rr n ), and let cp(x,y,£) = —(p(x,£,y). Since l|3.ip also holds when tp is 
replaced by 92, the first part of the proof shows that G ^n/u)- Furthermore, 
by straight-forward computations we have 



(3.2) (K aiV ,b) = (a,K bt $). 

In view of Proposition 11.11 (3) , it follows that the right-hand side in (|3.2p makes 
sense if, more generally, a is an arbitrary element in M^(R 2n ), and then 

\(a,K bi? )\ < Cd^WaU^ ||6|| M?1/wo) ex P (C||^"|| M ^ 1 ), 

for some constant C which is independent of d, a G and b G M 1 y^j, 

Hence, by letting -Ka,^ be defined as (J3T2J) when a G M°°, it follows that a ^ K a ^ v 
on M 1 extends to a continuous map on M°°. Furthermore, since is dense in 
M°° with respect to the weak* topology, it follows that this extension is unique. 
We have therefore proved the theorem for p G {1, oo}. □ 

Finally we remark that the results in Section [2] also give Theorem 13.11 . which 
concerns Fourier integral operators of the form 

Op tut2 Ja)f(x) = JJ a( tl x + t2y,0f(y)e MtlX+t2y '- t2X+tiy ' () dydC 

It is then natural to assume that the conditions (J3TTJ) ' is replaced by 



a t?+*2 = l, |det« £ (X))|>d, 



and 
(El" 



wo(*ia: + t 2 y, -t 2 x + hy, iif + t 2 ^(X), -t 2 f + tnp' y (X)) 
<&(x,(,^^(I),-^(I)) 

U2(X,C) 



< Cu} Q (x,y,£,ri), 



<*>i(y, -v) 

uo(x,y,£, + t 2 ri2,Vi + hm) < ^o(x,y,^m) v i(V2) 

U(X,(,£,1 +&,Zl + Z 2 ) < Uj{x,C,£l,Zl)v2(£,2,Z 2 ), 

v(X,£,T],z) = vi(rj)v 2 (^,z), x,y,z,Zj,^,^,ri,C G R". 

Theorem 13.11 . Assume that p G [1, oo], d > 0, v G ^(R 6 ") is submultiplicative, 
uj 0i uj G ^(R 4n ) and that ip G C(R 3 ") are smc/i fftof <^ is real-valued, p {a) G M^' 1 
for all multi-indices a such that \a\ = 2, and (|3.1|) / and i|2.3p " are fulfilled for some 
constants t\, t 2 and C. Then the following is true: 
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(1) the map 

a^K a . v {x,y)= I a(t lX + t 2 y,()e MtlX+t2y '- t2X+tiyX) d(, 



from y(R 2n ) to y'(Tl 2n ) extends uniquely to a continuous map from 
M^(R 2 «)i Mf Wo) (R 2 »); 

(2) the map a t-> 0p tl)t2> ^(a) from y(R 2n ) to ££ (J^(R"), ^'(R")) emends 
uniquely to a continuous map from M^(R 2 ") to y(y(R, n ),y'(R. n )); 

(3) if a E M^(R 2 "), i/jen i/ie definition of Op tl t2 ip (a) extends uniquely to a 

continuous operator from M^^(R n ) to M^ uj ^(R n ) . Furthermore, for some 
constant C it holds 

II Pfl , t2 »|| MP < _^ MP < Cd- 1 expdl^'H Mr i)||o|| ; 

( w l) (^2.) t'OJ 

(4) t/ a e M^R 2 "), i/ien ifte definition of Op tut2 V (a) from y(R n ) to 
y'(R n ) extends uniquely to a continuous operator from to Mf^; 

(5) ifq < min(p,p'), a G M^(R 2 "), and m addition (|0.4p holds, then Op tl t2 ip (a) G 

(ui)' (w 2 ) ; 

Proof. By letting 

xi = tiac + i 2 y, yi = ~t2x + hy 

as new coordinates, it follows that we may assume that ii = 1 and t% = 0, and then 
the result agrees with Theorem 13.11 The proof is complete. □ 

3.2. Fourier integral operators with smooth amplitudes. Next we apply 
Theorem 12.101 to Fourier integral operators with smooth amplitudes. We recall 
that the condition on a in Theorem 12.101 means exactly that a G ? . (V) with 

p = (00, p, q, 1) and V — (V2, V\, V{, V 2 ). In what follows we consider the case when 

m = n 2 = m — n and 

(3.3) 

V 1 =y i ' = {(x,0,C)eR 3 ";^CeR n }, and y 2 = y 2 ' = {(0,y,0)GR 3 ";yGR"}. 

However, the analysis presented here also holds without these restrictions. The 
details are left for the reader. We are especially concerned with spaces of amplitudes 
of the form 

Cg" (R 3 ") = {a G C^R 3 ") ; \\a\\ c », f < 00}, 
where N > is an integer, u G ^(R 3 ™) and 

i/p 

\\a{x, - ,0ui{x, • ,C)|lioo dxd(] 

IR 2 



\a\\ r ,N,p 



E ( /L_ Kx, - ,CMa;, - .Olli-^dC 

|q|<AT 



We also set 

c oo P(R3n) = n^C^R 3 ") 



?£f with 0^ )( 



The following proposition links Cff with 0? AV): 



Proposition 3.2. Assume that (|3.3p is fulfilled, N > is an integer, V — 
(V 2 , Vi,V{, V 2 ), p = (00, p, q, 1), pi = (oo,p, 1, 1) and that p 2 = (00, p, 00, 00). Also 
assume that u> G ^(R 3n ), and fei 

cj s (X,£,r?,2f) = u(X)(£,r),z) s , sGR. 
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// si < —2n/q' when q > 1 and s% < when q — I, and S2 > n(q + 2)/q, then the 
following embedding holds: 

(3.4) 0? 1 , <-> 0P , <-> 0? 2 , 

v ' (UJf) (Ujf) 

(3.5) 0? 2 . ^-f &' @ Pl , 
and 

(3.6) c JV+3„+i, P ^ @Pl c iV P _ 

For the proof it is convenient to let ^(R™) be the set of all lu E ^(R n ) n 
C7°°(R") such that w( Q V is bounded for all multi-indices a. 

Lemma 3.3. Assume that p = (p,q,r,s) E [l,oo] 4 , and that N > is an integer. 
Then the following is true: 

(1) if to € <^(R™), then it exists an element ujq E ^ 2, o(R-") such that 

(3.7) C" 1 ^ < w < Cu , 
for some constant C ; 

(2) ifuj E ^(R 2n ), ujj £ ^ (R 2n ) /or j = 1,2 are swe/i that ^{x,^) = ui(x) 
and uj2{x,^) — u>%{^)> then the mappings 

f •->■ 2i ■ / 

and 

are homeomorphisms from ®% lW )(V) and from ® P % 2UJ )(V) respectively to 
& p {u]) {V). Furthermore, if u NltN3 (x,£) = ui(x, 0(x) N ' 2 (£) Nl , then 

& l Nl , N2 )( v ) = { / e ^'( Rn ) ; x ° dP f e m(^)' l«l < \P\ < } 
= {fe y'(R n ) ; /, xf f, D^f, x^D^f e 0^(n 1 < i,* < n}; 



(3.8) 



(3) if uj £ ^(R 6n ) and u € ^o(R- 6 ") are smc/i i/ioi cj(X,£,77,z) = w(X) 
and wo(X, £,77, z) = uo(X), i/ien the map a ^ ujq ■ a is a bijection from 
Cf^R 3 ") *oCff(R 3 "). 

(wow) V / [cjj V / 

Proof. The assertion (1) follows from Lemma 1.2 in [41] The first part of assertion 
(2) is a consequence of Theorem 3.2 when ©^(V) is a modulation space. The 
general case follows by similar arguments as in the proof of that theorem. We omit 
the details. The assertion (3) is a straight-forward consequence of the definitions. 
It remains to prove (|3.8p . It is convenient to set 

a NuN2 (x,0 = (x) N H0 Nl - 

Furthermore, let Mo be the set of all / E such that x /3 d a f E 0^,-j when 

\a\ < Ni and \(3\ < N 2 , and let M be the set of all / £ 0? } such that xf 2 d^f E 

0^ } for j,k = 1, . . . ,N. We shall prove that M = M = 0[" } . Obviously, 

M C M . By the first part of (2) it follows that 0j? ) C M . The result 

therefore follows if it is proved that Mo C 0? ,. 

In order to prove this, assume first that N% — N, N2 — 0, / E Mo, and choose 
open sets 

!lo = UeR m ; K| <2}, and fl^UeR" 1 ; 1< |£| <n|^|}. 
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Then U"_ f2j = R", and there are non-negative functions ipo, . . . , tp n in Sq such that 
supp^ C % and Y%=o¥>j = 1 - In particular, / = J2]=o fj when /i = fj( D )f- 
The result follows if we prove that fj S ©( CTN oU) \ for every j. 

Now set ^o(0 = o-Jv(Ovo(0 and -0j(£) = €j~ N <7N(£)<Pj(Q when j = l,...,n. 
Then ^ £ for every j. Hence the first part of (2) shows that gives 

||/ille! ^CilMDj/jllej. 

= C!||^(D)af /||ep w) < C 2 \\df f\\ &u < oo 

and 

||/ol!ep , < CxIlajv^/olleP = C 1 \\MD)f\U , < C 2 ||/||©p , < oo 
for some constants C\ and C2. This proves that 

AT 

(3.9) H/llef <C7(||/|| p +^||3f/|| , ), 

3=1 

and the result follows in this case. 

If we instead split up / into Yl<Pjf> then similar arguments show that 

JV 

(3.10) \\f\\ & > <c(||/|| e p X 

k=l 

and the result follows in the case N% = and N2 ~ N from this estimate. 

The general case follows now if combine Q3,9p with p.lOp . which proves (2). The 
proof is complete. □ 



\a 0P 



1/9 



Proo/ 0/ Proposition \3.Si The first embeddings in (|3.4j) follows immediately from 
Proposition 11.101 Next we prove l|3.5p . Let e > be chosen such that S2 — 2e > 
n(<7 + l)/(?, Ea.wjv be as in Section [2j and set 

F 0)WJ , (£, 77, z) = ( 1 7 sup E a , Wiv (X, £, 77, z) p etedc) /P - 

Then Holder's inequality gives 

( J J 2n F atUN (£, v ,z) q d(dzy /9 dr) 

- f (If F a . WN+S2 (£, 77, *)«<£, ry, z)~ s ^ d£dz) ^ drj 

'i - ( // l2 „^« + -^' r '' ;z ) 9 ^ ;z )" (2 " +e) ^ z ) 1/9 ^) _( " +£) ^ 

<C||^ +82 || L »=C||a|| e P 2 

where 

C =(JJ &z)~V n+e) dtdz) X ' q J {t 1 )-^+^ d V < 00. 

This proves the first inclusion in p,5p . The second inclusion follows by similar 
arguments. The details are omitted. 

Next we prove (|3.6p . By Lemma 13.31 it follows that we may assume that uj = 1 
and N = Q. By Remark O (2) we have 

0P1 c M oo,l CCni oO i 



< 
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Furthermore, if X € ,y(R 3n ) is such that x(0) = (2tt) 3 ™ /2 , then it follows by 
Fourier's inversion formula that 

a(X) = JJJ V x a{X, £, V, z)e l{{x ^ +{v - T,)+{C ' z)) d^drjdz. 
Hence Minkowski's inequality gives 

i/p 

\a(X)\y dxdQ\ 

l[ 1 Ln f£n ( / IL*» lVxa{X ' V ' Z)l did7ldz T dxdC ) 
-III [II sup \V x a(X,£,ri,z)\Pdxd() 1/P d£d V dz = \\a\\&r 

/R3" WjR2» yeR" ' 



\\4c°,* = ( [[ (sup \a(X)\) p dxdC)' 



This proves the right embedding in (|3.6p . 

In order to prove the left embedding in (|3,6p we observe that 

|V x a(X,f,^«)| < (27T)- 3 "/ 2 ! IxCXi-XM^IriXx = (2vr)- 3 "/ 2 (|a| * |x|)(X), 

which together with Young's inequality give 

||a||©P2 = sup ( ff sup \V x a(X,£,T],z)\ p dxd() 



<C([[ sup(\a\*\x\)(X) P dxd() 



l/v 



<C\\x\\ L i(f[ sup \a(X)\P dxdc) 1/P = CWxhihWco.?, 

for some constant C. Hence if u>(X, £, r), z) — (£, 77, z} -3 ™ -1 , then it follows from 
Lemma 13,31 that 



||a||e»pi < C 1 ||o;- 1 ( J D) a || G) P i) < C 2 ]T H^H©^ 

a|<3n+l 

<C7 2 ]T ||a (Q) ||@P 2 <C 3 J] ||a( Q )|| c o. P = C 3 ||a|| c «. P , 

|a|<3n+l |a|<3n+l 

for some constants Ci, . . . , C3. This proves (|3.6p and the result follows. □ 



Corollary 3.4. Let N, lo s and p be as in Proposition ^./^. Then 

Remark 3.5. Similar properties with similar motivations as those in Proposition 
identities2, Lemma 1,01 and Corollary identities3, and their proofs, also holds when 
the 9?^) spaces and spaces are replaced by the modulation space Mf^?(R") 
for u G &>(R 2n ) and 

{ / G ^'(R") ; /W G Aff*(R») |a| < iV} 

respectively. (Cf. [41].) 

Now we may combine Proposition 13.21 with the results in Section [2] to obtain 
continuity properties for certain type of Fourier integral operator when acting on 
modulation spaces. The following result is a consequence of Theorem 12.101 and 
Proposition 13.21 
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Theorem 3.6. Assume that n x = n 2 = m = n, uj 6 ^(R 6n ) and u> e ^>(R 3 ") 
satisfy 

w(X,Z, V ,z)=Z(X)(£,r,,z) N 

for some constant N , and that x, ^j, v an( i V f° r 3 — 0, 1, 2 are the same as in 
Subsection \2.1\ Also assume thatp G [1, oo], a S CS P (R ), and iftai | det(^' ^)| > 
d and (|0 .4[) ZioW for some d > 0. Then the following is true: 

(1) (i)-(ii) in Subsection \2.2\ holds: 

(2) Op» G^(M ( 2 wi) ,M ( 2 W2) ). 
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